Abstract. In this paper we consider zero order perturbations of a class of sublaplacians on the two-dimensional torus and give sufficient conditions for global C ∞ regularity to persist. In the case of analytic coefficients, we prove Gevrey regularity for a general class of sublaplacians when the finite type condition holds.
Introduction and results
The problem of hypoellipticity (analytic, Gevrey, and C ∞ , local and global) for sublaplacians, although it has been studied extensively by many authors, is still the source of many unresolved questions, since there is no necessary and sufficient condition that characterizes hypoellipticity of a sublaplacian in its general form. Here, we begin with the study of zero order perturbations of the model operator −∂ 2 t − a 2 (t)∂ 2 x , which is well known to be globally C ∞ hypoelliptic in T 2 when a is a real valued function in C ∞ (T) and is not identically equal to zero (see [FO] , [H1] ). Then we continue with the study of Gevrey regularity of a larger class of operators when the finite type condition holds.
For stating our results we need the following definitions. Let s ≥ 1. We say that a function f ∈ C ∞ (T N A linear partial differential operator P defined on T N with coefficients in C ∞ (T N ) is said to be globally C ∞ hypoelliptic in T N if for any u ∈ D (T N ) the condition P u ∈ C ∞ (T N ) implies that u ∈ C ∞ (T N ). If P has coefficients in C ω (T N ), then it is said to be globally G s hypoelliptic in T N if for any u ∈ D (T N ) the condition P u ∈ G s (T N ) implies that u ∈ G s (T N ). When s = 1 we say that P is globally analytic hypoelliptic in T N . Next we state our first result. (T) , with a ≡ 0, and let P be given by
Remark 1.1. Two cases in which Theorem 1.1 applies are when c(t) ≥ − 1 8π 2 +δ , or when a 2 and c are linearly dependent over R.
Remark 1.2. Using the ideas in the proof of Theorem 1.1 one may generalize it to include operators of the form
and a, c are as in Theorem 1.1. This generalization will be useful in proving Theorem 4.4 in Section 4.
If the finite type condition holds, which in the case of Theorem 1.1 reads ∂ k t a(t 0 ) = 0 for some nonnegative integer k = k(t 0 ) for all t 0 ∈ T, then P is locally hypoelliptic (see [Ho] , [RS] ) and therefore globally hypoelliptic. However, when it fails and, in particular, when the zero set of a(t) is large, then Theorem 1.1 provides a sufficient condition for P to be globally hypoelliptic, although it is not locally hypoelliptic. Condition (1.1) says that that c(t) is not too negative on the zero set of a(t). It is easy to see that if a ≡ 0 and c = −m 2 , where m is an integer, then P is not globally hypoelliptic. Also, we recall that when c ≡ 0, then P is globally hypoelliptic iff there is a t 0 ∈ T such that a(t 0 ) = 0 (see [FO] , [H1] ). Is this true for any perturbation c? This is one of the questions we are exploring in this work. We mention here that one of the earliest results on zero order perturbations of sublaplacians is due to Stein [S] .
If a is an analytic function in T, then P is globally analytic hypoelliptic in T 2 , for any c ∈ C ω (T), thanks to Theorem 1.1 in [CH] . In our next theorem we shall extend this result into the Gevrey case. Theorem 1.2. Let P be given by
where 
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We recall that a point in T n+m is of finite type, if the Lie algebra generated by the vector fields X 0 , X 1 , · · · , X ν spans the tangent space of T n+m there. For results on the interesting open problems of local and global hypoellipticity of sublaplacians we refer the reader to the following works as well as the references listed therein: Amano [A] , Baouendi and Goulaouic [BG] , Bell and Mohammed [BM] , Bove and Tartakoff [BT] , Derridj [D] , Fedii [F] , Gramchev, Popivanov and Yoshino [GPY] , Greenfield and Wallach [GW] , Himonas [H2] , Himonas and Petronilho [HP] , Hörmander [Ho] , Kohn [K] , Oleinik and Radkevic [OR] , Rodino [R] , Rothschild and Stein [RS] , Taira [T] , Tartakoff [Ta] , and Treves [Tr] .
Proof of Theorem
By taking a partial Fourier transform in the last equation we obtain
for all ξ ∈ Z and t ∈ T. Since (2.1) is elliptic in t we have thatû(t, ξ) ∈ C ∞ (T) for each fixed ξ. Multiplying (2.1) byū and integrating by parts with respect to t ∈ T gives (2.2)
We shall need the following two lemmas.
Lemma 2.1. Under the hypotheses of Theorem
Proof. If t ∈ U , then the hypothesis (1.1) implies that
It follows from (2.4) that
If C ≥ 0, then for t ∈ I it follows from (2.6) and (2.5) that
Thus in the case C ≥ 0 we have L = C 1 (1 + C) and M 1 = 1. If C < 0, then it follows from (2.6) and (2.5) that
Hence in the case C < 0 we have L = C 1 and 
If C < 0, then it follows from (2.10) that
If m d < 0, then it follows from (2.13) that
We set M 2 =max{K 1 , K 2 }. If C ≥ 0, then it follows from (2.11), (2.14) and (2.15) that
which completes the proof in this case. If C < 0, then it follows from (2.12), (2.14), and (2.15) that
This completes the proof of Lemma 2.2.
Going back to the proof of Theorem 1.1, we shall use the letter C to represent a constant, which may change a finite number of times. For |ξ| ≥ M 2 it follows from (2.2) and Lemma 2.2 that
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By using the fundamental theorem of calculus we obtain (2.17)
∀t ∈ [−π, π], ∀r ∈ I and ∀ξ ∈ Z. Moreover, since P is elliptic in I ×T, given N ∈ N there exists C > 0 such that
Then, using (2.17) and (2.18) it follows that
and ∀ξ ∈ Z. Therefore, we have (2.20)
By using (2.16) and (2.20) it follows that
where a < 1. Thus it follows from (2.21) and Lemma 2.2 that for |ξ| ≥ M 2 we have
It follows from (2.17) that there exists a constant C > 0 such that
For |ξ| ≥ K= max{M 1 , M 2 } it follows from (2.23), (2.3), and (2.9) that
Hence, for |ξ| ≥ K,
For |ξ| ≥ K it follows from the last inequality that
A. ALEXANDROU HIMONAS AND GERSON PETRONILHO
Since f ∈ C ∞ (T 2 ), inequality (2.25) and the Cauchy-Schwarz inequality imply that given N ∈ N there exists C > 0 such that
Since P is elliptic at (τ 0 , 0), τ 0 ∈ Z\{0}, there exist constants C > 0 and L > 0 such that
It follows from (2.26) that
Now, inequalities (2.27) and (2.28) imply that u ∈ C ∞ (T 2 ), since we have the estimate
where F is a finite set of points in Z 2 . Therefore, the proof of Theorem 1.1 is complete.
Proof of Theorem
It follows from hypothesis (i) that u ∈ C ∞ (T n+m ) thanks to Hörmander's Theorem (see [Ho] ). It follows from ( [CH] , Lemma 2.1) that there exists a positive constant C such that
) . The proof of the next result is slightly different from the one in [CH] . However, for the sake of completeness we will include the proof.
Lemma 3.1. There exists a positive constant B such that
Proof. We will prove the lemma by induction on α. For α = 0 it is easy to see that (3.4) holds true. We now suppose that (3.4) holds for β < α.
Since a and f are in G s (T n+m ), there exists a positive constant A such that
where e j is an element of the orthonormal basis of R m .
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Since the coefficients of X j , j = 0, · · · , ν, depend only on t, then the vector fields X j commute with ∂ α x and we have
Therefore,
Then by using (3.5), (3.6) and the induction hypothesis we obtain
By using (3.3), (3.6), (3.7) and (3.8) we obtain
We look for B of the form (3.10) B = MA, for some M > 1, such that (3.4) holds. By (3.9) it suffices to choose M such that for all α ∈ Z m + we have
By simplifying we obtain that the last inequality follows from
Since for M > 1, we have
by (3.12) we see that for (3.11) to hold it suffices that (3.13)
Since the left-hand side of (3.13) goes to zero as M goes to infinity, we conclude that there eixsts M > 1 such that (3.13) holds and therefore (3.4) holds with B = MA. This completes the proof of Lemma 3.1.
Recalling thatû
it is easy to prove that (3.14)
A. ALEXANDROU HIMONAS AND GERSON PETRONILHO
It is standard to prove that (3.14) and (3.4) imply that there exist positive constants C, such that
it follows thanks to (3.15) that
Hence, by (3.16), we have
Inequality (3.17) together with similar microlocal estimates near each elliptic point (t 0 , x 0 , τ 0 , 0), τ 0 = 0 (see [Ho1, Theorem 8.6 .1]), give the estimate
which shows that u ∈ G s (T n+m ). The proof of Theorem 1.2 is complete.
Further results
We would like to point out that condition (1.1) in Theorem 1.1 is not necessary for global C ∞ hypoellipticity as the following result shows.
Theorem 4.1. Let a and c be real valued functions in C ∞ (T). The operator
there is a δ such that a(t) = 0 for all |t| > δ, and
Example 4.1. Let M be a large positive number and let δ be such that
2 ), |a(t)| > 0 for |t| > δ, and c(t) = −M , we see that condition (1.1) in Theorem 1.1 is not true for the
However, Theorem 4.1 applies and shows that P is globally C ∞ hypoelliptic in T 2 .
Next we shall prove Theorem 4.1. For this, we need the following proposition.
Proposition 4.2. Let P be as in Theorem
4.1. Let u ∈ D (T 2 ) such that P u = f ∈ C ∞ ((−r, r) × T) with r > 2δ. Then u ∈ C ∞ ((−2δ, 2δ) × T).
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Proof.
, where r > 2δ.
We start by taking a partial Fourier transform in P u = f . Then we obtain the equation
for all ξ ∈ Z and |t| < r. For any ξ fixedû(t, ξ) is in C ∞ ((−r, r)) since (4.3) is elliptic in t. If we multiply (4.3) byū and integrate in t ∈ (−2δ, 2δ), then we obtain
If we integrate by parts the last equality, with respect to t, then we obtain
Then we use the Cauchy-Schwarz inequality to obtain
If we writeû
then it implies that given N ∈ N there exists C > 0 such that
Since by hypothesis
A. ALEXANDROU HIMONAS AND GERSON PETRONILHO
By using (4.5), relation (4.6) gives
For |t| < 2δ it is easy to prove that
It follows from (4.7) and (4.8) that
By using a standard microlocal analysis argument one can show that u ∈ C ∞ ((−2δ, 2δ) × T). The proof of Proposition 4.2 is complete.
Corollary 4.3. Let a be a real valued function in
We conclude this work by considering a sublaplacian corresponding to a perturbation of the vector fields ∂ t and a(t)∂ x in Theorem 1.1. Its hypoellipticity follows from Remark 1.2 and a concatenation formula.
Theorem 4.4. In T 2 let the operator
where the functions φ, ψ j , j = 1, 2, and a ∈ C ∞ (T) are real valued. If a ≡ 0, ψ 1 (t) = 0, ∀ t ∈ T, and 2π 0 φ(t)dt = 0, then P is globally C ∞ hypoelliptic in T 2 .
To prove Theorem 4.4 we shall need the following lemmas.
Lemma 4.5. Let the operator L be given by
where (t, x) ∈ T 2 , and for j = 1, 2 the functions ψ j and a ∈ C ∞ (T) are real valued. If a ≡ 0, ψ 1 (t) = 0, ∀ t ∈ T, then P is globally C ∞ hypoelliptic in T 2 .
Proof. This lemma follows from writing L in the form The proof of Theorem 4.4 follows from Lemmas 4.5 and 4.6.
